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Abstract. Geometricstraight-lineprograms[6,10] canbe usedto modelgeo-
metricconstructionsandtheir implicit ambiguities.In this paperwe discussthe
complexity of decidingwhethertwo instancesof thesamegeometricstraight-line
programareconnectedby acontinuouspath,theComplex Reachability Problem.

1 Introduction

Straight-lineprogramsand randomizedtechniquesfor proving their equivalencedid
find their applicationin geometrictheoremproving. Using estimatesfor the expected
numberof rootsin a randomsampleof evaluationsof a polynomialwe canprove ge-
ometrictheoremswith muchlesscomputationaleffort thanusual[3, 14], for example
comparedto symbolicmethodsusingGröbnerbases.

An apparentdrawbackof polynomialsis thatwe have to refer to systemsof poly-
nomialequationsassoonaswe want to describetheoremsinvolving circlesor conics.
Althoughthereareverypowerful methodsto dotheoremproving in thesecontexts(e.g.
Wu’s method,see[1,13]), it is desirableto have a conceptlike straight-lineprograms
that is able to describeconstructive theorems,and is able to model the dynamicas-
pectsof theoremsasthey occurin dynamicgeometrysystems.Theimplementationof
onedynamicgeometrysystem[9,8] causedthe definition of geometricstraight-line
programs, whichareoneway to approachtheaboveissues.

One questionthat must be settledbeforewe could usetechniquessimilar to the
methodsof SchwartzandZippel [11,7] to provegeometrictheoremsis thequestionof
(complex) reachability:Canwemoveoneinstanceof ageometrictheoremcontinuously
into anotherinstance?This paperdescribesfirst resultson thealgorithmiccomplexity
of this question.

2 Geometric Straight-Line Programs

Geometricstraight-lineprogramsextendtheconceptof straight-lineprograms(seethe
bookof Bürgisseret. al [2] for a detaileddiscussionof straight-lineprograms).Infor-



mally, astraight-lineprogram(SLP)is asequenceof operations(usuallyaddition,mul-
tiplication,subtraction,andsometimesdivision) thatoperateonacertaininput (usually
valuesof somealgebraA) or intermediateresultsfrom previousoperations.

Straight-lineprogramsareimportantdueto thefactthatthey provideaverycompact
descriptionof multivariatepolynomials(or rational functions,if we allow divisions).
Thedegreeof thepolynomialscanbemuchhigherthanthelengthof straight-linepro-
gram(up to doublyexponential).

In [6] it is shown thatgeometricconstructionsusingpointsandlinesasobjects,and
meetsandjoins asoperations,areequivalentto straight-lineprogramsover IR or C. In
a way this is a consequenceof von-Staudt’s approach,who hasshown that thereis a
coordinate-freedescriptionof projectivegeometry[4].

As soonaswe want to describeconstructionsthat involve ambiguousoperations
(like Intersection of Circle and Line, Intersection of Circle and Circle, or Angular Bisector
of two lines) theconceptof straight-lineprogramsfails.Bettersaid,it is not possibleto
describeconstructionswith varying input parametersthat behave continuouslyusing
straight-lineprograms.

Geometricstraight-line programs(GSPs)are a way to keepa concisealgebraic
descriptioneven for constructionsinvolving ambiguousoperations.The operationsof
a straight-lineprogramarereplacedby relationsfrom a suitablerelational instruction
set(RIS). The objectscanbe choosenarbitrarily, as long asthey matchthe relations.
In this paperwe will dealwith the complex numbersC asobjectsand the RIS R : JK�LNM O.MQP�MQR.S TVU

only, andwe will emphasizethis sometimesby calling themcomplex
GSPs.

Again,we refer to [6] for a moreformal anddetaileddescription.Herewe rely on
thereaders‘intuition andintroducegeometricstraight-lineprogramsusinganexample.

Example1 (A GSPon W C M
RX ). Hereis a GSPencodingthe expression
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with two input variables.The negative indicesdenoteinput variables,the otherones
index theintermediateresults.All statementsreferto theindicesof previousresultsor
inputvariables.
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2 z2 InputO
1 z1 Input
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A fundamentaldifferencebetweenordinarystraight-lineprogramsandGSPsis that
we cannotjust “run through”thestatementsof a GSPin orderto calculatetheexpres-
sionfor a giveninput. This is dueto thefact that therelationscanhave differentvalid
outputsfor the sameinput. This givesrise to the notion of an instanceof a GSP, an
assignmentof theinput parametersandall intermediateresultsthat is compatiblewith
therelations.
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Example2 (Instanceof a GSP).An instancefor theGSPaboveis givenby

Index Value RemarkO
2 3 Inputz2O
1 4 Inputz1

0 16 z1
2

1 9 z2
2

2 25 z1
2 L

z2
2

3
O

5
R Y

z1
2
L

z2
2

Observethatall but thelastvaluearedeterminedby theinput,andthereis only one
otherinstancewith thesameinput (wherethelastvalueis 5).

2.1 Moving GSPs

For polynomials,or straight-lineprograms,it is easyto speakaboutdynamicchanges
of the input parameters.Sincethevalueof all intermediateresultsof anSLP is deter-
minedby the input, we canvary the input parametersandrecalculatethepolynomial.
Of course,the intermediateresultsare polynomialsin the input variables,andassuch
they areanalyticfunctions,in particularcontinuous.

If wewantto dothesamewith GSPswemustspecifyhow to resolveambiguities.A
naturalrequirementwould bethat the intermediateresultsshouldbecontinuousfunc-
tionsin theinputparameters.A directconsequenceis thattheintermediateresultsmust
beanalytic[6] in thefollowingway:LetU : J[W u1

M \ \�\�M
un X M V : J[W v1

M \�\ \]M
vn X&^ Cn betwo

inputsfor acomplex GSP, andlet γ: _ 0 M
1̀�ab Cn beapathfrom γ W 0XcJ U to γ W 1X&J V. If

wecanfind instancesof theGSPfor everyλ ^d_ 0 M
1̀ suchthatevery intermediateresult

is ananalyticfunctionin λ for λ ^BW 0 M
1X anda continuousfunctionfor λ ^%_ 0 M

1̀ , then
theseinstancesform ananalyticpath.

Herearetwo examplesshowing thesubtilitiesof analyticpaths:

Example3 (Square Root).Take the complex GSPwith one input that hasthe
R.S T

-
Relationastheoneandonly statement,andconsiderthepath

γ: _ 0 M
1̀@ab C

γ W λ XeJ e2iπλ

For eachof thetwo possiblechoicesat λ J 0 thereis a uniqueassignmentof instances
for λ ^,W 0 M

1̀ to form ananalyticpath,which is theproperbranchof thecomplex square
root function.Thevalueof thesquareroot at λ J 1 will bethenegativeof thevalueat
λ J 0.

We canfind this pathby doinganalyticcontinuationsalongγ, andherein this ex-
ampleit is clear that we cando this for all pathsavoiding 0 for λ ^fW 0 M

1X , andonly
these.

Example4 (Rootsof squares).Take the complex GSPwith oneinput z andwith two
statements,first multiplying the input with itself andthenthe

R.S T
-Relation.Thefirst
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intermediateresult,thesquareof theinput, is determinedby theinput,andsinceit is a
polynomial,it is analyticin theinputz, soit is analyticfor any analyticfunctionγ.

The secondrelationcanbe simplified to either
L

z or
O

z, but not to the absolute
valuefunction g x g , sincethis would destroy analyticity. We do not have to considera
specialpathto observethis, it holdsfor any path.

In the secondexamplethere is not always a needto avoid the 0 for the square
root function, for examplefor the pathγ W λ XhJ 2λ

O
1 thereareinstancesthat make it

analytic.However, in mostconsiderationsit will bea goodideato avoid any zerosof
squareroots,sincethesearethecritical pointswheresingularitiescanoccur.

3 Complex Reachability and Testing of Polynomials

A problemin straight-lineprogramanalysisis to decidewhethera givenstraight-line
programis equivalentto anotherone,i.e. whetherit describesthesamepolynomial(or
rational function). The algorithmiccomplexity of this decisionproblemis unknown,
but thereexist polynomial-timerandomizedalgorithms[11]. Themainobstacleis that
wecanneitherhandlethefull, symbolicexpressionfor thepolynomial,sincethecoeffi-
cientsandthedegreeof thepolynomialcanbelarge,nor theevaluationof thestraight-
line programfor sufficiently largenumbers,sincethecodinglengthfor theintermediate
resultsbecomestoo large.

If we could find an algorithm to test equivalenceof straight-lineprogramseffi-
ciently, thentheir rangeof applicationcouldbeextendedto efficientencodingsof large
numbers.It would alsobepossibleto deriveefficientdeterministicalgorithmsto prove
geometrictheorems.

Wewill now formulateaversionof thisdecisionproblemwhich is equivalentto the
equivalencetestingproblem.

[SLP zero testing] Given a division-freestraight-lineprogramΓ over Q with
oneinputvariable.Is thepolynomialp encodedby Γ thezeropolynomial?

Wewill show thatthisproblemis atmostashardasdecidingwhetherwecanmove
analytically from oneinstanceof a GSPto anotherinstanceof the sameGSPthat is
differentatexactlyoneintermediateresultby giving apolynomialtransformationfrom
[SLP zero testing] to thefollowing decisionproblem:

[Complex Reachability Problem] Given two instancesof a complex GSPwith
oneinputvariablethatdiffer in exactlyoneintermediateresult.Is it possibleto
moveanalyticallyfrom thefirst instanceto thesecond?

We will provethefollowing theorem,with thecorollaryasaneasyconsequence.

Theorem 1. There is a polynomialtransformationof [SLP zero testing] to the [Com-
plex Reachability Problem], i.e. we can answeran instanceof [SLP zero testing] by
transformingit to an instanceof the [Complex Reachability Problem] and answering
this.

Corollary 1. The[Complex Reachability Problem] is algorithmicallyat leastashard as
[SLP zero testing].
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